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Abstract
Non-abelian black strings in a 5-dimensional Einstein-Yang-Mills model are considered. The
solutions are spherically symmetric non-abelian black holes in 4 dimensions extended into an extra
dimension and thus possess horizon topology S2 × R. We find that several branches of solutions
exist. In addition, we determine the domain of existence of the non-abelian black strings.
PACS numbers: 04.20.Jb, 04.40.Nr, 04.50.+h, 11.10.Kk
∗ b.hartmann@iu-bremen.de
1
I. INTRODUCTION
The idea that we live in more than four dimensions stems from models of unification of all
known forces. In Kaluza-Klein theories [1, 2] 4-dimensional electromagnetism and gravity are
unified within a 5-dimensional gravity theory. The 5th dimension is compactified on a circle
of Planck length. Similar ideas appear in (super)string theories, which are only consistent
in 10 and 26 dimensions in the case of superstring, respectively bosonic string theory [3].
Recently, so-called brane world models [4] have gained a lot of interest. These assume
the standard model fields to be confined on a 3-brane embedded in a higher dimensional
manifold.
A large number of higher dimensional black holes has been studied in recent years. The
first solutions that have been constructed are the hyperspherical generalisations of well-
known black holes solutions such as the Schwarzschild and Reissner-Nordstro¨m solutions in
more than four dimensions [5] as well as the higher dimensional Kerr solutions [6]. In d
dimensions, these solutions have horizon topology Sd−2.
However, in contrast to 4 dimensions black holes with different horizon topologies should
be possible in higher dimensions. An example is a 4-dimensional Schwarzschild black hole
extended into one extra dimension, a so-called Schwarzschild black string. These solutions
have been discussed extensively especially with view to their stability [7]. A second example,
which is important due to its implications for uniqueness conjectures for black holes in higher
dimensions, is the black ring solution in 5 dimensions with horizon topology S2 × S1 [8].
The by far largest number of higher dimensional black hole solutions constructed so far
are solutions of the vacuum Einstein equations, respectively Einstein-Maxwell equations.
The first example of black hole solutions containing non-abelian gauge fields have been
discussed in [9]. These are non-abelian black holes solutions of a generalised 5-dimensional
Einstein-Yang-Mills system with horizon topology S3.
Here we construct black hole solutions of an Einstein-Yang-Mills model discussed previ-
ously in [10, 11, 12]. These solutions are non-abelian black hole solutions in 4 dimensions
extended into one extra codimension. We give the model including the ansatz, equations
of motion and boundary conditions in Section II. The numerical results are discussed in
Section III. The summary is given in Section IV.
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II. THE MODEL
The Einstein-Yang-Mills Lagrangian in d = (4 + 1) dimensions is given by:
S =
∫ (
1
16πG5
R− 1
4e2
F aMNF
aMN
)√
g(5)d5x (1)
with the SU(2) Yang-Mills field strengths F aMN = ∂MA
a
N − ∂NAaM + ǫabcAbMAcN , the gauge
index a = 1, 2, 3 and the space-time index M = 0, ..., 5. G5 and e denote respectively the
5-dimensional Newton’s constant and the coupling constant of the gauge field theory. G5 is
related to the Planck mass Mpl by G5 = M
−3
pl and e
2 has the dimension of [length].
If both the metric and matter fields are independent on the extra coordinate y, the fields
can be parametrized as follows [10]:
g
(5)
MNdx
MdxN = e−ξg(4)µν dx
µdxν + e2ξdy2 , µ, ν = 0, 1, 2, 3 (2)
and
AaMdx
M = Aaµdx
µ + Φady . (3)
g(4) is the 4-dimensional metric tensor.
A. The Ansatz
Our aim is to construct non-abelian black holes, which are spherically symmetric in 4
dimensions and are extended into one extra dimension. The topology of these non-abelian
black strings will thus be S2×R. Note that we could also construct non-abelian black holes
with topology S2 × S1 if we would make the extra coordinate y periodic.
For the metric the Ansatz reads:
g
(5)
MNdx
MdxN = e−ξ
[−A2(r)N(r)dt2 +N−1(r)dr2 + r2dθ2 + r2 sin2 θd2ϕ]+ e2ξdy2 , (4)
with
N(r) = 1− 2m(r)
r
and ξ = ξ(r) . (5)
In these coordinates, m(∞) denotes the (dimensionful) mass per unit length of the field
configuration.
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For the gauge fields, we use the purely magnetic hedgehog ansatz [13] :
Ar
a = At
a = 0 , (6)
Aθ
a = (1−K(r))eϕa , Aϕa = −(1−K(r)) sin θeθa , (7)
Φa = vH(r)er
a , (8)
where v is a mass scale.
B. Equations of motion
With the following rescalings:
x = evr , µ = evm (9)
the resulting set of ordinary differential equations only depends on the fundamental coupling
α = 4π
√
G5v.
The Einstein equations for the metric functions N , A and ξ then read:
µ′ = α2
(
eξN(K ′)2 +
1
2
Nx2(H ′)2e−2ξ +
1
2x2
(K2 − 1)2eξ +K2H2e−2ξ
)
+
3
8
Nx2(ξ′)2 , (10)
A′ = α2xA
(
2(K ′)2
x2
eξ + e−2ξ(H ′)2
)
+
3
4
xA(ξ′)2 , (11)
(x2ANξ′)′ =
4
3
α2A
[
eξ
(
N(K ′)2 +
(K2 − 1)2
2x2
)
− 2e−2ξ
(
1
2
N(H ′)2x2 +H2K2
)]
,(12)
while the Euler-Lagrange equations for the matter functions K and H are given by:
(eξANK ′)′ = A
(
eξ
K(K2 − 1)
x2
+ e−2ξH2K
)
, (13)
(e−2ξx2ANH ′)′ = 2e−2ξK2AH , (14)
where the prime denotes the derivative with respect to x.
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C. Boundary conditions
The boundary conditions at the regular horizon x = xh read:
N(xh) = 0⇒ µ(xh) = xh
2
(15)
and
(N ′K ′)|x=xh =
[
K(K2 − 1)
x2
+ e−3ξH2K
]
|x=xh , (16)
(N ′H ′)|x=xh =
(
2
x2
K2H
)
|x=xh , (17)
(N ′ξ′)|x=xh =
{
4
3x2
α2
[
eξ
(
N(K ′)2 +
(K2 − 1)2
2x2
)
− 2e−2ξ
(
1
2
N(H ′)2x2 +H2K2
)]}
|x=xh
(18)
with A(xh) <∞.
At infinity, finiteness of the energy and asymptotic flatness requires:
A(∞) = 1 , K(∞) = 0 , H(∞) = 1 , ξ(∞) = 0 . (19)
III. NUMERICAL RESULTS
The set of equations has been solved numerically [14]. These black hole solutions can
be interpreted as 4-dimensional black holes sitting in the center of particle-like solutions
extended into one extra dimension. Due to the non-triviality of the matter fields outside the
regular horizon, these solutions possess “hair”.
First, xh was fixed and the dependence of the solutions on the gravitational coupling α
was studied. The results are shown for xh = 0.1 in Fig. 1 and 2. The behaviour for fixed
xh is very similar to that of the globally regular solutions [10, 11]. α was increased from
small values and the solutions exist up to a maximal value of the gravitational coupling,
αmax(xh). For xh = 0.1, we find that αmax(xh = 0.1) ≈ 1.223. On this branch of solutions,
the dimensionless mass µ∞/α
2 per unit length of the extra dimension decreases (see Fig.2).
As shown in Fig. 1, both the value of A(xh) as well as the minimal value of the metric
function N(x) in the interval ]xh : ∞], Nmin, decrease from the flat space values A = 1,
respectively N = 1 (see Fig. 1), while the value of ξ(xh) increases from ξ = 0 (see Fig.
2). Starting from the maximal value αmax, a second branch of solutions exists up to a
critical value of α, α
(1)
cr (xh = 0.1) ≈ 0.3513. On this second branch A(xh) and Nmin decrease
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further, while ξ(xh) now decreases, crosses zero and then becomes negative. The mass per
unit length on this branch is higher than that on the first branch of solutions, see Fig.2.
Starting from this second branch of solutions, a third branch of solutions exists and extends
to α
(2)
cr (xh = 0.1) ≈ 0.408. On this third branch, A(xh) decreases further to ≈ zero, while
ξ(xh) tends to −∞. However, Nmin stays finite. The mass on this third branch is lower than
that on the second, put differs so marginally that it cannot be seen in the plot.
As is clearly see, the extend of the branches in α decreases, which is very similar to the
globally regular case. It is likely that an infinite number of branches exists which extend
around α ≈ 0.4.
Note that on the third branch of solutions, the functionK(x) starts to develop oscillations.
In Fig. 3, the matter and metric functions close to the horizon xh = 0.1 are shown for the
solutions on the third branch for α = 0.408. N(x) has developped a local minimum. Clearly,
the solution is non-trivial outside the regular horizon and thus represents a non-abelian black
string.
The oscillations of the function K(x) indicate that -like in the globally regular case- the
solutions converge to the fixed point described in [10].
The fact that the solutions exist only up to a maximal value of the gravitational coupling
was already observed in other gravitating systems containing non-abelian gauge fields, e.g.
in the 4-dimensional Einstein-Yang-Mills-Higgs system [16]. The first branch of solutions
can be interpreted as a branch on which the variation of α = 4π
√
G5v corresponds to the
variation of the gravitational coupling G5, while v is kept fixed. This can be concluded from
the fact that the α = 0 limit corresponds to the flat limit G5 = 0. In contrast, on the
further branches G5 is kept fixed and v varied. Since v = 0 would correspond effectively
to a 4-dimensional Einstein-Yang-Mills-dilaton system, which has Bartnik-McKinnon-type
solutions [17] with zeros of the gauge field functions and thus different boundary conditions,
the α = 0 limit doesn’t exist for these additional branches. The existence of a maximal
value of α is thus related to the existence of a maximal possible value of the gravitational
coupling G5.
In Fig.4, the domain of existence of the non-abelian black strings is shown. The maximal
possible value αmax of the globally regular solutions is αmax = 1.268 [10, 11]. From this
value αmax(xh) decreases with increasing xh and finally reaches αmax(xh) = 0 at xh ≈ 0.654.
Non-abelian black strings thus exist only in a limited domain of the xh-α-plane.
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IV. SUMMARY
Black holes in more than 4 dimensions have gained renewed interest in recent years
due to theories of unification of all known forces. Since these theories assume that the
extra dimensions are compactified on a circle of the Planck length, black hole solutions
which are hyperspherically symmetric in the full dimensions are important at early stages
in the universe. A large number of these solutions has been constructed and extensively
discussed. For smaller energies, i.e. later stages in the evolution of the universe, black hole
solutions which are spherically symmetric in 4 dimensions and extended trivially or non-
trivially into the extra dimensions are certainly of more interest. Here, we have constructed
the first example of a 5-dimensional black string including non-abelian gauge fields. These
solutions are spherically symmetric black holes sitting in the center of particle-like solutions
in 4 dimensions, which are trivially extended into a fifth dimension. We have shown that
these solutions exist only in a limited domain in the xh-α-plane and that several branches
of solutions (likely infinitely many) exist. In the limit of critical coupling these solutions
converge -like the globally regular ones- to the fixed point described in [10].
As far as the stability of these solutions is concerned, a detailed analysis is certainly out
of the scope of this paper. However, from Morse theory, we can assume that the second
branch has one unstable mode more than the first (since it has higher energy) and one less
than the third etc. Since for α = 0, the globally regular counterparts of the solutions here
are effectively the solutions of a 4-dimensional Yang-Mills-Higgs system in the BPS limit
(which are known to be stable) it is likely that the globally regular counterparts on the first
branch of solutions are stable, while they have n − 1 unstable modes on the nth branch.
Furthermore, since for the 4-dimensional Einstein-Yang-Mills model the number of unstable
modes is equal for the globally regular and the non-abelian black hole solutions [18], we
expect the same to be true in the 5-dimensional analogue. This leads us to the assumption
that the non-abelian black strings are stable on the first branch and unstable (with n − 1
unstable modes on the nth branch) on the other branches. Surely, this point has to be
investigated in detail.
Further directions of investigation of the model studied here are the construction of 4-
dimensional axially symmetric non-abelian black holes extended into one extra dimension
or the non-trivial extension of these solutions into the extra dimension, i.e. the construction
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of non-uniform, non-abelian black strings.
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FIG. 1: The value of the metric functions A(x) at the horizon, A(xh), and the minimal value of the
metric function N(x) in the interval ]xh : ∞], Nmin, are shown in dependence on α for xh = 0.1.
Note that the figure on the right is an amplification of the domain indicated by the box in the
figure on the left.
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FIG. 2: The value of the metric function ξ(x) at the horizon, ξ(xh), is shown in dependence on α
for xh = 0.1 (left). Also shown is the dimensionless mass µ∞/α
2 in dependence on α for xh = 0.1
(right).
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FIG. 3: The functions N(x) (top left), A(x) (top right), K(x) and H(x) (bottom left) and ξ(x)
(bottom right) are shown close to the horizon xh = 0.1 for α = 0.408. Note that this solution
belongs to the third branch of solutions.
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FIG. 4: The domain of existence of the non-abelian black strings is shown in the xh-α-plane.
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